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I.  INTRODUCTION. 

1.  PURPOSE.--  As  the  title  indicates,  this  thesis  is 
an  investigation  of  wide  reinforced  concrete  beams  under  con- 
centrated loads.  Beams  of  varying  proportions  of  length, 
breadth,  and  depth  were  tested  with  different  widths  of  load 
applied  at  the  one- third  points  of  the  span.  The  object  was 
to  determine  the  difference  in  effect  of  a load  distributed 
over  the  entire  width  of  a beam,  and  one  concentrated  laterally 
in  the  middle  fifth  or  tenth.  With  this  in  view,  the  deflec- 
tions of  various  points  on  the  surface  were  measured.  Data 
was  obtained  in  regard  to  the  deflections  of  the  beam,  ultimate 
load,  and  manner  of  failure. 

2.  SUPERVISION.--  Eor  several  years  the  Engineering  Ex- 
periment Station  of  the  University  of  Illinois  has  been  investi- 
gating the  action,  of  reinforced  concrete  in  various  forms. 

The  tests  described  in  this  thesis  were  made  under  the  direction 
of  the  Experiment  Station  staff  and  form  a part  of  a more  elabo- 
rate investigation  of  reinforced  concrete  beams.  The  theoreti- 
cal discussion  and  interpretation  of  results  are  original  and 
not  a part  of  the  work  of  the  station. 
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II.  MATERIALS,  TEST  PIECES,  ANT)  METHOD  OF  TESTING. 

3.  MATERIALS.--  The  sand  and  stone  were  ordered  under  the 
same  specifications  as  those  given  in  the  bulletins  of  the  En- 
gineering Experiment  Station. 

Stone.--  The  stone  was  a good  quality  of  limestone 
from  Kankakee,  Illinois,  ordered  screened  through  a one  inch 
and  over  a one- quarter  inch  screen. 

Sand.--  The  sand  used  came  from  near  the  Wabash 
river  at  Attica,  Indiana. 

Cement. — Universal  Portland  cement  was  used.  It 
weighed  90  lb.  per  cubic  foot  and  developed  a tensile  strength 
as  shown  in  Table  1.  Each  value  is  the  average  of  five 
bri quettes . 

TABLE  I. 

TENSILE  STRENGTH  OE 
UNIVERSAL  PORTLAND  CEMENT. 

Ultimate  Strength,  lb.  per  so.  in. 

Ref. 

Age  7 days . Age  28  days . 

No. 


Neat 

1:3 

Neat 

1:3 

1 

670 

190 

697 

297 

2 

629 

219 

678 

328 

3 

613 

217 

649 

315 

Av. 

637 

209 

675 

313 

Concrete.--  A 1-2-4  mixture  was  used  for  all  of  the 
specimens.  Men  in  the  employ  of  the  Experiment  Station,  who 
were  accustomed  to  making  concrete,  mixed  the  materials  and 


. 
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made  the  test  beams.  The  mixing  was  done  with  shovels  by  hand. 

Steel.--  All  the  steel  came  in  the  same  lot  from  the 
Illinois  Steel  Company.  See  Table  2 for  tests  of  the  steel. 


/ 


4.  TEST  BEAM'S.-”  Table  3 shows  the  various  test  beams; 
the  numbers  in  the  body  of  the  table  being  those  used  by  the 
experiment  station  to  designate  the  various  specimens.  Columns 
No.  2 to  No.  6 represent  beams  of  five  different  dimensions, 
each  column  containing  a particular  size.  The  horizontal  lines 
show  the  various  proportions  of  widths  of  load  to  v/idths  of 
beam.  With  the  exception  of  Nos.  727.1  and  727.3  which  are 
cross  reinforced,  the  number  after  the  decimal  point  indicates 
the  first  and  second  of  two  specimens,  identical,  both  as  to 
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size  and  manner  of  loading.  Thus  741.2  is  the  second  3 by  36  by 
72-inch  beam  tested  with  a load  one-tenth  the  width.  The  per- 
centage of  reinforcement  was  approximately  l/,  and  was  kept 
as  nearly  constant  as  it  was  possible  to  make  it  using  3/8-inch 
rods  in  all  the  test  pieces. 

5.  MAKING  OP  THE  BEAMS.--  The  beams  were  made  directly 
on  the  concrete  floor  of  the  laboratory,  a strip  of  building 
paper  being  laid  beneath  the  forms.  The  forms  were  of  the  or- 
dinary wooden  knock- down  type. 

6.  STORAGE,--  The  beams  were  stored  in  a room  the  tem- 
perature of  which  was  from  60°E.  to  70°E.  They  were  tested  at 
the  age  of  about  60  days,  the  exact  ages  being  given  in  Table  4. 

7.  METHOD  OE  TESTING.--  The  load  was  applied  by  means  of 
the  system  of  I-Beams  and  rollers  shown  in  Eig.  1.  This  ar- 
rangement was  necessary  as  the  beams  were  too  wide  to  go  be- 
tween the  screws  of  the  testing  machine.  The  load  blocks  were 
planed  from  iron  castings  and  were  3-in.  wide  by  1-in.  thick, 
and  of  several  different  lengths  for  the  different  ratios  of 
width  of  load  to  width  of  beam.  In  every  case  they  were  im- 
bedded in  plaster  of  paris.  Eor  full  and  one-half  width  loads, 
a 3-in.  steel  roller  was  placed  on  top  of  each  block;  for  the 
narrower  loads  an  additional  cast-iron  block  and  2-in.  steel 
roller  v/as  used. 

Beams  731.1,  733.1,  and  734.1  were  cushioned  on  blocks 
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imbedded  in  plaster  of  paris  in  place  of  the  hose  shown  in  the 
figure.  -All  others  had  a flattened  piece  of  fire  hose  placed 
between  the  roller  supports  and  beam. 

Beams  No.  711.1,  711.2,  713.1,  713.2,  715.1,  715.2, 
717.1,  717.2,  731.1,  731.2,  733.1,  and  734.1  were  tested  in 
the  Olsen  200,000  pound  beam  machine.  The  six  inch  beams  ex- 
ceeded its  capacity  when  loaded  as  shown  in  Fig.  1,  and  were 
tested  in  the  Riehle  column  machine.  The  same  method  of  ap- 
plying the  loa„d  was  used  in  each  case. 

The  deflections  of  various  points  on  the  beams  were 
measured  by  means  of  Ames  dials  supported  on  a frame  attached 
to  the  beam  at  the  neutral  axis,  over  the  reactions  as  shown 
in  the  photographs.  In  general  fifteen  dials  were  used  in 
three  rows  of  five  each.  (See  Fig.  2)  However,  because  of  in- 
terference v/ith  the  iron  staples  used  to  handle  the  beams, 
only  four  were  used  at  the  end  in  many  cases.  For  the  36- in. 
beam  the  dials  “were  placed  in  .three  rows  laterally,  one  over 
the  reaction,  one  at  the  middle  of  the  span,  and  one  half  way 
between  these.  Five  dials,  spaced  8 in.  apart,  were  placed 
in  each  row.  In  order  to  use  the  apparatus  in  the  column 
machine,  it  was  necessary  to  move  the  outer  dials  in,  thus 
making  them  3 in.  from  the  edge  of  the  beam.  "Where  four  were 
used  on  the  end,  the  two  next  to  the  center  were  spaced  8 in. 
apart.  The  same  general  arrangement  was  used  with  the  24- in. 
beams  except  that  the  spacing  laterally  was  five  instead  of 
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eight  inches.  Where  four  dials  were  used  on  the  end,  the  center 
ones  were  placed  8 in.  apart,  the  same  as  for  the  thirty- six 
inch  heam. 

Since  the  pistons  of  the  dials  did  not  all  hear  uni- 
formly on  the  surface,  washers  and  small  blocks  were  used  be- 
tween them  and  the  concrete.  When  the  beam  had  deflected  so 
that  the  limit  of  the  dials  was  reached,  they  were  reset  by 
noting  the  reading,  placing  a thicker  block  under  them,  and 
adjusting  them  to  read  as  before.  Occasionally,  through  an 
oversight,  one  reached  its  limit  before  being  reset.  In  this 
case  it  was  turned  to  zero  and  the  rest  of  the  readings  taken 
from  this  as  a starting  point. 
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III.  EXPERIMENTAL  DATA  AND  DISCUSSION. 

8.  SUMMARY  OF  GETTER AL  RESULTS  OF  TESTS. --The  original 

data  obtained  in  these  tests  was  recorded  in  a field  notebook 
kept  by  the  Experiment  Station.  In  Table  5 are  given  the  ul- 
timate loads  and  manner  of  failure  of  the  various  beams.  The 
values  in  the  sixth  column  are  the  mean  of  the  two  duplicate 
specimens,  and  in  the  seventh,  the  percent  variation  of  each  of 
these  from  the  mean  of  the  two.  The  letters  in  the  eighth  and 

ninth  columns  indicate  the  manner  of  failure  as  follows; 

(1)  The  letter  T indicates  failure  by  tension  in 

the  steel. 

(2)  The  letter  D indicates  failure  by  diagonal 
tension.  These  two  manners  of  failure  are  discussed  in  Bul- 
letins No.  4 and  No.  14  of  the  Experiment  Station. 

(3)  The  letter  S indicates  failure  as  a slab.  Just 
what  constitutes  slab  failure  is  not  well  defined,  but  in  this 
thesis  the  term  will  be  used  where  longitudinal  cracks  are 
present.  Beam  723.1  on  paget'£  is  a good  example.  A crack 
extends  lengthwise  through  the  center  of  the  beam  between  the 
load  blocks  and  then  divides  before  reaching  the  ends.  The 
letters  in  parentheses  indicate  that  this  type  of  failure  oc- 
curred in  connection  with  the  principal  cause  indicated  by  the 
first  letter. 

9.  LOAD- DEFLECTION  CURVES .--The . data  obtained  for  rep- 
resentative beams  is  plotted  on  pages  22  to  32  ; only  one 
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typical  specimen  being  shown  where  the  failures  of  several 
were  similar.  The  numbers  at  the  origin  of  the  load-deflection 
curves  on  the  upper  part  of  the. pages  indicate  the  dials  from 
which  the  readings  were  taken.  For  the  arrangement  of  these 
dials,  see  Fig.  2,  Page  10. 

The  diagrams  on  the  lower  part  of  the  page  show 
lateral  sections  thru  the  beam  at  mid- span,  at  one  quarter- 
span,  and  at  the  end  over  one  reaction,  for  the  loads  indi- 
cated. The  deflection  of  the  mid-width  of  the  beam  where  the 
section  is  taken  was  plotted  by  the  scale  shown;  then,  with 
this  point  fixed,  the  points  to  each  side  were  located  with 
respect  to  it,  each  l/20-in.  division  representing  a difference 
between  the  mid- width  and  respective  point  of  0.001  in.  for 
the  3-in.  beams,  and  0.002  in.  for  those  6 in.  deep.  By  re- 
ferring to  these  diagrams,  the  nature  of  the  load  deflection 
curves  and  section  for  a given  load  on  the  beam  can  be  com- 
pared. 

The  diagrams  show  that  the  slab  failures  occurred 
quite  suddenly  by  the  beam  bending  laterally.  Unless  properly 
used,  these  curves  in  particular  are  apt  to  be  misleading, 
since  they  show  a great  downward  deflection  in  the  center  while 
as  a matter  of  fact,  the  edges  rose  carrying  up  the  frame  to 
which  the  dials  were  attached  and  thus  a large  deflection  was 
recorded.  This  is  shown  by  the  end  section.  The  mid- width  at 
the  end  could  not  deflect  down  as  the  diagram  indicates  without 
displacing  the  support.  The  real  condition  is  that  the  center 
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of  the  end  remains  stationary,  and  the  edges  deflect  upwards. 

10.  DRAWINGS  OR  THE  BEAMS. --On  pages  32  to  49  are  given 
drawings  of  the  beams  for  those  which  failed  by  diagonal  ten- 
sion or  as  a slab.  These  are  made  to  scale  and  show  as  ac- 
curately as  possible  the  important  features. 

11.  MANNER  OR  FAILURE. --  In  studying  the  manner  of 
failure,  reference  will  be  made  to  Table  5 which  is  explained 
in  Art.  8. 

With  the  exception  of  beam  No.  734.2,  all  specimens 
whose  length  was  twice  the  breadth  and  15  or  24  times  the  depth, 
failed  as  a simple  beam  by  tension  in  the  steel  regardless  of 
the  width  of  load.  When  the  length  was  only  8 times  the  depth, 
they  failed  by  diagonal  tension. 

For  a length  four- thirds  of  the  breadth,  however, 
the  width  of  the  load  produces  a noticeable  effect  in  the 
manner  of  failure.  For  full  and  one  half  loading,  the  3-in. 
beams  failed  by  tension  in  the  steel,  and  the  6-in.,  with 
one  exception,  by  diagonal  tension,.  The  (S)  in  parentheses 
indicates  that  a longitudinal  crack  developed  before  final 
failure,  but  the  least  strength  was  in  diagonal  tension.  When 
one-fifth  or  one- tenth  loading  was  used,  the  beams  failed  as 
a slab  when  without  cross  reinforcement.  In  every  case,  the 
cross  reinforcement  was  sufficient  to  develop  the  bending 
strength  of  the  3-in.  specimens  and  the  strength  in  diagonal 
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tension  of  the  6- in.  beams. 

To  summarize,  where  the  length  was  twice  the  breadth, 
the  tension  in  the  steel  governed  the  strength  of  the  3-in. 
beams,  and  the  diagonal  tension  that  of  the  6- in.  beams  re- 
gardless of  the  width  of  the  load.  For  a length  4/3  the  width, 
the  same  holds  for  full,  and  half  loading,  but  both  3-in.  and 
6-in.  beams,  of  those  without  cross  reinforcement,  failed  as 
a slab  for  the  one-fifth  and  one-tenth  loadings.  Since  cross 
reinforcement  develoj>s  the  full  strength  as  a simple  beam,  we 
may  infer  that  these  last  specimens  are  deficient  in  lateral 
s trength. 

Beam  No.  734.2  is  an  exception.  It  failed  as  a 
slab  at  a load  two  and  one-half  times  as  great  as  any  other 
specimen  of  the  same  dimensions,  all  of  which  failed  by  ten- 
sion in  the  steel  at  approximately  the  same  load  irrespective 
of  the  width  of  loading.  If  it  had  failed  in  a manner  similar 
to  the  other  beams,  we  could  infer  that  something  was  wrong 
with  the  testing  machine . Its  slab  failure  and  high  load 
combined,  make  it^an  exception  which  cannot  be  explained. 

12.  ULTIMATE  LOAD.--  Table  5 gives  the  general  da.ta  in 
regard  to  the  test  pieces.  However,  for  comparing  the  ulti- 
mate loads,  it  is  more  convenient  to  have  all  the  beans  re- 
duced to  a common  basis.  This  can  be  done,  knowing  that  P 
/ bd  | 

varies  as  f s\  1 " . See  Table  6. 

Let  1,  b,  d,  and  p be  the  dimensions  and  percent 
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reinforcement  of  any  particular  "beam,  for  which  P is  the  ul- 
timate load  determined  from  the  test.  Also,  let  li,  b^ , d-^, 
and  pi  represent  the  same  for  beam  731.1.  Then  for  the  same 
stress  f g in  the  steel,  we  have  a load  P^  on  the  standard  beam 
731.1  corresponding  to  P on  any  other  beam  computed  as  follows: 


b,  d2- 

1 I 
i-rjxf].  p, 


b d 

1 /p 


or  P - P \£,r  b,d,2 


With  the  exception  of  No.  734.2  which  was  discussed 
under  the  heading  of  "Manner  of  Failure",  when  reduced  to  a 
common  basis,  the  beams  which  failed  by  tension  in  the  steel 
held  most,  by  diagonal  tension  next,  and  as  a slab  least. 

This  further  shows  that  when  the  failure  was  by  diagonal 
tension  or  as  a slab,  the  full  bending  strength  of  the  beam 
was  not  developed.  Prom  this  it  is  evident  that  the  beams 
which  failed  as  a slab  were  deficient  in  lateral  strength. 

Through  an  oversight,  Nos.  717.1,  727.1,  and  727.3 
were  tested  at  30  days.  They  show  very  little  difference  in 
strength  or  behavior  from  their  duplicates  tested  at  60  days. 

The  seventh  column  in  Table  5 shows  the  percent 
variation  of  each  of  the  duplicate  specimens  from  the  mean 
of  the  two.  The  mean  percent  variations  of  the  two  specimens 
for  the  three  methods  of  failure  are:  tension  in  the  steel, 
8.7;  diagonal  tension,  13.2;  and  as  a slab,  17.0.  VAiile  there 
is  no  particular  reason  for  expecting  this  order  of  variation, 
it  shows  that  there  was  the  least  uniformity  between  the  dupli 
cate  specimens  when  the  failure  was  as  a slab. 
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13.  DEFLECTIONS • --  Table  7 shows  the  ratios  of  the 
lateral  to  the  longitudinal  deflections.  The  loads  are  the 
highest  held  by  the  specimens  before  they  showed  decided  in- 
dications of  failure,  or  any  sign  of  slab  failure.  These 
approximate  the  values  that  might  be  expected  with  working 
loads.  Theoretically  these  ratios  should  be  zero  for  the  full 
width  loadings,  and  increase  in  value  as  the  width  of  the 
load  decreases.  The  values  are  more  uniform  for  Nos.  720.1 
to  727.4  inclusive  than  would  be  expected  from  a theoretical 
standpoint. 


. 


. 

' 


. * 


* * 


. 


. 


/-o&c/  • <Jd> 


/£.  00<p 


33 & C7S77  7//.  3- 

7"  A 73  "X  3-8' 


6 3/7 


7 -77-  ./£  ./&.  ,/7  <20 


C e,/y  6&, 


3 <2  £-/-/&  S7 -5 


7~b>/ s?7~ 


2- <2  00 

7-000 

600  0 

£00  0 

/000O 

/700O 

/7-0oo 


/ 7-0  00 


/Tatc/ 


. //<r 


-2E?<2c/07~7  X-</r  / 


23 


^ OC/o/  ' J= 
6S/f~/S77<?/'<2  ■'  /*7t-f’<2& 


if 

2ooo 

-?SOO 

6000 

S’ooo 

/O0OO 

/ 2-c>oo 

/^-ooo 


SZP 2 7^/0.07^077  - ■'Or 0/7  <S  S 

o-iP  ,o9  ./2-  ■ /<£  -ko 


^6  *3  */0 


CT <2  07  7^-0.0- 


/5  2 0 7^70/72 


' .02S~ 


.007/ 


•07J- 


200 


■ /2S~ 


./So 


. /Sd~ 


£.00 


l 

i! 

I 

1 

§ 

J3 

1 

I 

I 

* 


/r<2.  Vr7  /T  //?-  /—crc"7cSo. 


■/  2B>/77 


7^~o7oy 


2oo  & 
^7-000 

<6000 


1 


000 


/o  000 


/ 2-000 


/'/OOO 


Z-&&C/ ■ y 
£7 / 7~ / 77?  & TlZ.  ■'  / 3~0~<3 0 


73 


70300 


3.000 


7 3 37 e 3 7<o  0-7/077  -//7c^ej 

O .03  -03  ,/2~  ./<£  .2  0 


£ S’  73 


<7 G rrf-e./- 


St 


ec  7/ & 77  S 


3^  7~’&/r77r~ 


2 000 
3000 

0000 

S' 000 

70000 

72000 


73000 


02  3 


.030 


,073 


/00 


323 


730 


'mm. 


K 

t 

l 

X 

I 

g 

! 

<b 

* 


2000 

30.00 

0000 

£000 
/0 000 

72000 

/ 3-00  0 


3000 

70000 

73000 


Z oao ZZ/Z 

62.000 


s&ooo 


Z3e.&/77  **720.2 

6"  x&6"x^8" 


25 


7?  e//7  7 . 20-  g-  f'cu//7a'& 


<60000 


30000 


2oooo 


/000O 


27<s/r /<sc/yos7  - /w/7es 

o .a*?-  .a&  ./z  ./0  ■ 2.0 

3 <2  cA/Zs 

2e  s7  2g  r- 


6 8/0 


<6  T^o/r?/- 


/000O 

2.0  00  a 

3 *<2000 

f-0000 

30000 


.OZT' 


60000 


/000O 

2.0000 

30  00O 


<60000 


3-0000 


00O0O 


2000a 

6-0000 


60000 


' 


. 


■ 

. 


■ 


■ 


' — ♦ --  * . *.  - < •*« 


* “ 


’ 

■ -?| 


i ■ 


i ......  - 1 


• . . 


, i 


■*  A - 


. . 

.. 

. 

• • . ...  . rrsm  . * • ..  V ...  w ...  . - • *».  •*  - *' 


Z-  /<? 

Z'/f~//77  £7 /-<■ 2-  / / / 23~<0 


Z3<S  c?s-7-7  ^ 032:  / 
3 " XZ-^X  28  " 


30 


2p0//7  /T  7~  /~<y  C/ /-7  OS'S 


/Z000 

8000 

6000 

2-000 

2.000 


*/  — 27  <s  X/<s.  £ ?*-/ 0/7  - <2  vS 

<£?  ./^_  .//*"  .Z<s7 

<5^  c -/^/cps?^ 


*2  *>0 


Z00  0 

2-000 

0000 


2 0c?  0 


. /0~0 


/0dT00 


■ 2.  00 


0. 

0 . 

0 . 


2-000 

•2-000 

£ 000 

2 000 

/00~00 


2 /v<2 


Zooo 


/ 3 s3~  -ZJefZ.  -/rpc/7  csvs 

a .Of-  .02  ,/2.  /£ 


6 <3  SO> 


20 


5e  cf~/ 


■&700 
/o  ^ 00 

/£  3 OO 

£0  -?-oc> 

23~ooo 


2-3~Soo 


023- 


o<s~o 


074' 


/oo 


/23~ 


,/o~o 


200 


7~P G//7  s'  * t~0  O r-7  0/0 


, .Sir- 

' 


z.  o&ty  ■-  ^ 


_Z3<S  CD-ST-p  **  s'-?-/.  2. 

A &&"A7£." 


APtS//-?f7  /£>  - J|-  " /—&CSf-?C/S 


2-022 


*6  *2  */0 


Q <sc./y<s)/VkS 


^ 713, S7 7*- 


<2.  ooO 


'T'OOO 


t£  20  O 


#020 


.OJno 


./OO 


/S'# 


220 


2J~o 


320 


32~o 


, Too 


K 

l 

* 

3 

Ss 

0 


I 

I 

S 


^020 


^022 


622  2 


#220 


z /7<y 


32 


.23  & (7/77  7/d> 7 / 


3 5 


2z?&&/77  7/^2. 


T T 


&/7~7  /!'?//£? 


_S>&C7r77  7 /B  3.  / 


Z^~S7/ 


46 


Z3 72 Z 3 


r| ;rni 


n x r 

k > — ^ 


47 


^<2  O/rr?  72  7 i? 


49 


50 


IV  THEORETICAL  STUDY. 

The  following  discussion  is  an  attempt  to  develop 
expressions  for  the  ultimate  strength  of  wide  beams  under 
narrow  concentrated  loads  such  as  those  tested;  a.nd,  if  pos- 
sible to  determine  the  amount  of  cross  reinforcement  neces- 
sary to  permit  the  development  of  their  full  longitudinal 
strength.  These  tests  indicated  that  there  are  at  least 
three  principal  methods  of  failure  which  may  occur  separately 
or  combined,  namely:  (l)  by  longitudinal  bending,  (2)  by 
diagonal  tension,  and  (3)  by  cross  bending. 

'The  first  two  occur  in  ordinary  beams  and  in  those 
tested  with  loads  the  full  width.  Whether  the  first  or  second 
will  govern  depends  to  a great  extent  on  the  ratio  of  the 
depth  to  the  length.  Where  the  load  is  narrower  than  the 
beam,  other  stresses  are  produced.  A study  of  the  specimens 
which  failed  other  than  as  a simple  beam  shows  longitudinal 
cracks  between  the  loads,  and  one  or  two  extending  to  eaxh 
end.  Since  the  heavy  cross  reinforcement  caused  the  beams 
to  fail  as  if  loaded  the  full  width,  it  is  inferred  that  cross 
bending  stresses  are  developed  with  the  narrower  loads. 

In  order  to  develop  the  full  strength  of  the  beam, 
it  is  necessary  to  have  sufficient  cross  reinforcement  to 
cause  it  to  break  longitudinally  rather  than  laterally.  With 
this  in  view,  an  attempt  was  made  to  determine  the  lateral 
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bending  moment.  In  studying  the  problems  which  arise,  refer- 
ence is  made  to  Fig.  3.  The  lateral  moment  is  due  to  the 
resistance  offered  by  the  longitudinal  elements  AB  to  the 
downward  deflection  of  the  beam.  The  amount  of  this  resisting 
force  cannot  be  found  until  the  lateral  distribution  of  the 
load  has  been  determined. 

The  load  is  transferred  from  one  element  to  the  other 
by  the  shear  between  them,  the  amount  deflecting  any  element 
being  the  difference  between  that  on  the  two  sides.  This 
shear  can  be  assumed  to  be  transmitted:  (l)  as  a concentrated 
load  between  the  dotted  lines  at  E;  (2)  as  a distributed 
load  of  varying  length  included  between  the  lines  at  F;  or 
(3)  uniformly  throughout  the  entire  length  of  the  element. 

These  assumptions  introduce  quite  different  condi- 
tions in  computing  the  cross  moment.  For  instance,  the  load 
causing  the  lateral  moment  is  due  to  the  deflection  of  these 
longitudinal  elements,  as  has  been  explained.  The  load  de- 
flecting these  elements  is  the  difference  in  shear  between 
the  two  sides,  and  can  be  computed  providing  it  is  propor- 
tional to  their  deflection.  However,  the  load  is  not  pro- 
portional to  the  deflection  for  a simple  beam  unless  its 
longitudinal  distribution  remains  constant.  Thus  it  is  seen 
that  the  second  case  involves  very  complex  conditions. 

There  was  not  sufficient  time  to  determine  which  of 
these  assumptions  is  more  nearly  correct,  and  since  the  third 
checked  the  experimental  results  fairly  well,  and  offered 
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simpler  mathematics  and  a method  of  designing  the  cross  rein- 
forcement, it  was  used. 

The  following  are  the  assumptions  which  are  made: 

(1)  That  the  shear  is  transmitted  from  one  longi- 
tudinal element  to  the  next  uniformly  throughout  its  length. 
This  being  the  case,  it  follows  that  the  lateral  moment  is 
the  same  throughout  the  length  of  the  beam. 

(2)  That  the  deflection  of  the  longitudinal  strips 
is  the  same  for  all  elements  under  the  load  blocks.  From  this 
it  follows  that  the  shear  between  these  elements  is  zero,  and 
therefore  the  moment  between  a-b  and  c-d  is  constant. 

(3)  That  a section  through  the  beam  later all3r  is 
a parabola. 

The  following  notation  will  be  used: 

n = ratio  of  the  modulus  of  elasticity  of 
the  concrete  to  that  of  the  steel. 

P - the  total  load  on  the  beam, 
d - depth  to  steel 
b - width  of  beam. 

1 = length  of  span, 

w — width  of  load. 

p = percent  longitudinal  reinforcement  ex- 
pressed as  a decimal. 

p'=  percent  cross  reinforcement  expressed 
as  a decimal. 

K = ratio  of  lateral  to  longitudinal  deflection 
taken  at  the  center  of  the  beam. 
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w 

L = b,  the  ratio  of  the  width  of  load  to  the 
width  of  he am. 

dw  = the  total  load  on  one  of  the  longitudinal 
elements  not  under  the  load  blocks. 

Aw  = the  total  load  on  one  of  the  longitudinal 
elements  under  the  load  blocks. 

1 '=  (' l/2>-fl/2>w 

(l/sjb  (1-L)  , the  amount  of ' the  beam  pro- 
jecting beyond  the  load  block  on  one  side. 

°<  = l/3  (K  ^(l-K)15-*-  3n  p(l-K)2J 

See  Turneaure  and  Maurer,  P.  121,  1909 
Edition. 

Kkiw=the  difference  between  the  load  dw  at  the 
edge  of  the  beam  and  w. 


To  determine  the  moment  M about  A,  the  edge  of  the 
load  block,  see  Big.  4.  The  ordinates  to  the  curve  represent 
the  values  of  dw.  Then 


However , 


But  dw  =Aw-x 


£ 

M = / x dw 

o 

V) 


( 


Ka  w 


M ~ J 4w-x  |<ix 

= l/ 2a  w(  ) (1-1/2  K ) 

But  j£'=  l/2  b ( 1-L) 

M=  l/8  w b ( 1-L)  (1-1/2  K ) 

.^r-j^y^dx  + 1/2  LbAW 


(1) 


1/2  p = 


rl’  K w 

(AW-Xa 


o 


■ 

■ 
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or  P = a w(l-L)  (l-l/3'K  )b  + L Awb 

= A wb  [(  1-L)  ( 1-1/3  *K  )-f  TjJ  ( 2 ) 

Prom  this  equation, 

. P 

Zi  W rr  . 

h [(1-L)  (l-l/3-K  ) 4 Lj  (3) 

Sub.  (3)  in  (l) 

M . (1-L)  (l-l/2  K ) 

8 " [(1-L)  (l-l/s*  K ) + lJ 

which  is  the  equation  of  the  lateral  moment  in  terms  of  L and 
K . Since  the  shear  is  considered  as  uniform  for  a longi- 
tudinal element  throughout  the  length  of  the  beam,  the  stress 

is  also  uniform  and  we  can  express  the  lateral  moment  M in 

SI 

terms  of  the  modulus  S by  the  formula  c . We  then  have, 


or 


SI 

c 


p - 


Pb 

8 


SI 

8^ 


(1-L)  ( 1-1/2  K 

Q(i-L)  (1-1/3-K 


T+  LJ 


rtl-L)  (1-1/3- K )+L  1 

Linn 2 (t=t/z  nri  j 


Expressing  I and  c in  terms  of  1,  b,  and  d: 

4 S ^d*  r (1-L)  (l-l/3-K  )+l7 

1 = 3 ~ tri-LT^Ti'-iA-k'  y J 


This  is  the  value  of  the  load  which  a beam  without  cross  re- 
\ 

inforcement  will  carry  laterally. 

The  moment  for  a beam  with  transverse  reinforcement 

is  the  same  as  that  for  a plain  beam, 

' _ Pb  T(l-L)2  d-l/2* K ) 

~ 8 tCl-L )T  1- 17*“  T+-  L_ 


or 


. 


. 


. 

■ 


. 


. 


But 


M, 
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This  assumes  that  failure  occurs  hy  tension  in  the  steel 
rather  than  compression  in  the  concrete. 


The  ratio  K of  the  lateral  to  the  longitudinal  de- 


flection may  be  determined  by  finding  the  lateral  and  longi- 
tudinal deflection  independently  due  to  a load  P.  Since  the 
lateral  deflection  is  small  in  comparison  to  the  longitudinal 
and  the  variation  in  w small,  the  error  in  K , assuming  the 
lateral  load  uniform,  will  be  slight,  and  the  error  in  the 
lateral  moment  will  be  an  equally  small  percent  of  that  of  K 
and  will  be  negligible. 


The  longitudinal  deflection  y(  of  the  center  is: 


4 8 T~s  b d 3 °< 


and  the  cross  deflection  y2  of  the  mid-width  for  a homogene- 
ous beam  is : 


v _ i dw  (r)^ 
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But 
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But 


K=  -X* 

y- 


Substituting  the  values  of  y,  and  y^  in  this  equation, 


K = |.  |+(I-L)% 


1/ 


This  is  the  expression  for  K for  beams  without  cross  rein- 
forcement . 

Bor  beams  with  lateral  reinforcement: 

„ _ 1 dw(  i*  3 n 

2-  “ 8 . 3J  ^ 

but  dw  = l/2  • P ( 1-L) 

and  J'  = l/2'b(l-L) 

Therefore  _ 1 Pb^ ( 1-L)*n  ^ 

yz  ' 128  Es  &3~\ 

K = 

Yr 

= 1 itl-T  * 

which  is  the  value  of  K for  beams  with  lateral  reinforcement 


n 

The  values  of  o<  as  computed  for  the  beams  tested 
with  full  width  loading  are  given  in  Table  8.  These  results 
are  higher  than  those  given  in  Turneaure  and  Mauer,  but  will 
be  used  in  the  computation  of  K „ The  values  are  computed  from 
the  formula: 


y . i_  JLJ*  • £ 

‘ 40  Esbd^  o, 

using  Es  as  30,000,000.  Computations  for  the  ultimate  and 
one-half  the  ultimate  loads  are  shown. 

The  lateral  strength  of  the  beams  will  now  be  com- 
puted from  the  formulas  as  derived,  which  are: 
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(l)  For  "beams  without  cross  reinf  orcement : 


4 si'd 
r'  “ 3 b 


Tl-l/3'K  (1-L)  1 

[TFl)2(1-1/2  KT  j 


where  K - 1 £ n T 

2 ^4  1“L‘I  * 


(2)  For  beams  with  cross  reinforcement: 

P = 8fs  sLiA£  [U-l/3;  K ,.(l-L)  7 - 
s b [.(1-L)  2(1”  1/2  K )J 

where  _ 3_  b^"( 

8 i4  °<2- 

The  modulus  of  rupture  for  plain  cons  rete  is  taken  at  400  lb. , 
which  is  a mean  of  the  values  given  by  Talbot,  Baker,  and 
Turneaure  and  Mauer.  Table  9 gives  the  values  of  P. 

A study  of  this  table  shows  that  beams  715.1,  715.2, 
723.1,  723.2,  725.1,  725.2,  727.1,  and  727.2  are  deficient  in 
lateral  strength  and  might  be  expected  to  fail  as  a sla.b  by 
cross  bending.  This  agrees  with  the  d-ta  shown  in  Table  5, 
except  in  the  case  of  beam  727.2. 

Since  the  duplicate  of  this  specimen  727.1  showed 
signs  of  lateral  failure,  and  in  making  the  computations  no 
account  of  the  tension  in  the  concrete  was  taken,  this  apparent 
inconsistency  may  be  explained  by  the  fact  that  these  specimens 
developed  tension  both  in  the  steel  and  core  rete. 

Equating  the  formulas  for  the  lateral  and  longi- 
tudinal strength  of  the  beam  gives  a method  of  finding  the 
P' 

ratio  p to  develop  the  longitudinal  strength  of  the  beam. 


Thus 


8f  < 


p'  $X  d*/"  1-1/3  K ( 1-L) 
b ~ a 1-L, 


1 2 "1-1/2  K j 
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or  p ' 3 . .1  ^[(l-L)2  (1-1/2  K )1 

p = 4 j ' jp  [1-1/3  K(l-L)  J 

£' 

The  diagram  on  Page  gives  values  of  p for  various  values 
for  different  values  of  L. 
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